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Abstract
We introduce representable Banach spaces, and prove that the classR of such spaces satisfies the follow-
ing properties:
(1) Every member of R has the Daugavet property.
(2) It Y is a member of R, then, for every Banach space X, both the space L(X,Y ) (of all bounded linear
operators from X to Y ) and the complete injective tensor product X ⊗̂ Y lie in R.
(3) If K is a perfect compact Hausdorff topological space, then, for every Banach space Y , and for most
vector space topologies τ on Y , the space C(K, (Y, τ )) (of all Y -valued τ -continuous functions on K)
is a member of R.
(4) If K is a perfect compact Hausdorff topological space, then, for every Banach space Y , most C(K,Y )-
superspaces (in the sense of [V. Kadets, N. Kalton, D. Werner, Remarks on rich subspaces of Banach
spaces, Studia Math. 159 (2003) 195–206]) are members of R.
(5) All dual Banach spaces without minimal M-summands are members of R.
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A Banach space X is said to have the Daugavet property if the equality ‖Id+T ‖ = 1 + ‖T ‖
holds for every bounded linear operator T on X with one-dimensional range. Classical examples
of Banach spaces fulfilling the Daugavet property are C(K), for every perfect compact Hausdorff
topological space K , and L1(μ), for every non-atomic measure μ. Since Daugavet’s pioneering
paper [11], the study of Banach spaces having the Daugavet property has attracted the attention
of many authors, and today such a study has attained a flourishing development (see [1–4,15,16,
19–23]).
Concerning stability of the Daugavet property, it is known that this property is preserved by
taking arbitrary 1- or c0-sums [23], and by passing from dual Banach spaces to their preduals.
However, unfortunately, not much more is known in this direction. A solution to this handicap
consists of the introduction of properties strictly stronger than the one of Daugavet, and which
behave better concerning stability (see [8–10,17]).
In the present paper, we follow the line just reviewed. In Section 2, we introduce the
notion of a “representable” Banach space (Definition 2.3), prove that representable Banach
spaces have the Daugavet property (Lemma 2.4) and that representability passes from a Ba-
nach space Y to the complete injective tensor product with an arbitrary Banach space (Corol-
lary 2.6), and to the space of all bounded linear operators from an arbitrary Banach space to Y
(Lemma 5).
Sections 3 and 4 of the paper are devoted to show that the class of representable Banach
spaces is reasonably wide. We prove that, if K is a perfect compact Hausdorff topological space,
if Y is an arbitrary Banach space, if Z is a norming subspace of Y ∗ for Y , and if τ is a vector
space topology on Y with σ(Y,Z)  τ  n (where n stands for the norm topology), then the
Banach space C(K, (Y, τ )) is representable (Theorem 3.1). We also prove that, if K is a perfect
compact Hausdorff topological space, if Y is an arbitrary Banach space, and if X is a C(K,Y )-
superspace (in the sense of [17]) which is also a C(K)-module in the natural way, then X is
representable (Theorem 3.4). By the way, Theorems 3.1 and 3.4 are independent (a courtesy
of V. Kadets, see Remark 3.3). Finally, we show that every dual Banach space without mini-
mal M-summands is representable (Theorem 4.3). As a consequence, if X and Y are Banach
spaces, and if X has no minimal L-summand, then X ⊗̂π Y has the Daugavet property (Corol-
lary 4.7).
To conclude this introduction, let us point out that the definition of a representable Banach
space is quite technical, and is inspired by the theory of the “centralizer” and “function module
representations” of Banach spaces [7]. Actually, the proof of Theorem 4.3 relies strongly on this
theory.
Notation. Throughout this paper K will mean the field of real or complex numbers. When
the field K has been fixed, and a compact Hausdorff topological space K has been given,
we denote by C(K) the Banach space of all continuous functions from K to K. Now, let
X be a Banach space over K. We denote by BX , SX , and X∗ the closed unit ball, the unit
sphere, and the (topological) dual, respectively, of X. We denote by w the weak topology
of X, and by w∗ the weak∗ topology of X in the case that X is a dual Banach space. Now,
let Y be another Banach space over K. Then the symbol L(X,Y ) (with the usual convention
L(X) := L(X,X)) will stand for the Banach space of all bounded linear operators from X
to Y .
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The following characterization of the Daugavet property is well known (see for example [22,
Lemma 2.2]).
Lemma 2.1. A Banach space X satisfies the Daugavet property if and only if, for every (x,φ) ∈
SX × S∗X and every ε > 0, there exists y ∈ BX such that (φ(y)) > 1 − ε and ‖x + y‖ 2 − ε.
The next lemma must be folklore.
Lemma 2.2. Let K be a compact Hausdorff topological space, and let S be an infinite subset
of K . Then there exists a sequence {kn}n∈N in S, together with a sequence {ωn}n∈N of pair-wise
disjoint nonempty open subsets of K , such that kn belongs to ωn for every n ∈ N.
Definition 2.3. Let K be a compact Hausdorff topological space, and let X be a Banach space.
We say that X is K-representable if there exists a family (Xk)k∈K of Banach spaces, such that
X is (linearly isometric to) a closed C(K)-submodule of the C(K)-module ∏∞k∈K Xk in such a
way that, for every x ∈ SX and every ε > 0, the set {k ∈ K: ‖x(k)‖ > 1 − ε} is infinite. When
the compact set K is not relevant, we simply say that X is representable.
Lemma 2.4. Let X be a representable Banach space. Then X has the Daugavet property.
Proof. Let K be a compact Hausdorff topological space such that X is K-representable, and let
(Xk)k∈K be as in Definition 2.3. Let x and φ be in SX and SX∗ , respectively, and let ε > 0. Then,
since the set S := {k ∈ K: ‖x(k)‖ > 1 − ε2 } is infinite, Lemma 2.2 applies providing us with a
sequence {kn}n∈N in S, together with a sequence {ωn}n∈N of pair-wise disjoint nonempty open
subsets of K , such that kn belongs to ωn for every n ∈ N. For n ∈ N, apply Uryson’s lemma to
pick fn ∈ C(K) with 0  fn  1, fn(kn) = 1, and fn(k) = 0 whenever k ∈ K \ ωn. Since the
bounded sequence {fn}n∈N converges pointwise to 0, it converges weakly to 0 in C(K) (by [13,
Theorem VII.1]). On the other hand, we may find some z ∈ SX such that (φ(z)) > 1 − ε. Now,
since {fnx + (1 − fn)z}n∈N converges weakly to z in X, it follows the existence of some m ∈ N
such that, by putting y := fmx + (1 − fm)z, we have (φ(y)) > 1 − ε. Moreover, we have that
y belongs to BX and that
‖x + y‖ ∥∥x(km) + y(km)∥∥= 2∥∥x(km)∥∥ 2(1 − ε2
)
= 2 − ε.
Finally, apply Lemma 2.1. 
Lemma 2.5. Let K be a compact Hausdorff topological space, let X be a Banach space, let
Y be a K-representable Banach space, and let M be a closed subspace of L(X,Y ) such that
L(Y ) ◦ M ⊆ M . Then M is K-representable.
Proof. Let (Yk)k∈K be as in Definition 2.3 applied to Y . For k ∈ K , put Mk := L(X,Yk),
and, for T ∈ M , let T̂ denote the element of ∏∞k∈K Mk defined by T̂ (k)x := (T x)(k) for all
(k, x) ∈ K × X. Keeping in mind that L(Y ) ◦ M ⊆ M , and that the operators on Y of multi-
plication by elements of C(K) belong to L(Y ), it is of straightforward verification that the set
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T → T̂ from M onto M̂ is a linear isometry. Let T be in SM , and let 0 < ε < 1. Then there exists
x ∈ SX with ‖T x‖ > 1 − ε, and, since Y is K-representable, the set {k ∈ K: ‖(T x)(k)‖ > 1 − ε}
is infinite. Therefore the set {k ∈ K: ‖T̂ (k)‖ > 1 − ε} is infinite. 
Following [12, 9.1], by an operator ideal we mean a rule I assigning to each pair (E,F )
of Banach spaces a subspace I(E,F ) of L(E,F ) which contains the finite rank operators and
satisfies the so-called “ideal property”: given Banach spaces E,F,E0,F0, we have T ◦ S ◦ R ∈
I(E,F ) whenever S is in I(E0,F0), R is in L(E,E0), and T is in L(F0,F ). The operator ideal
I is said to be closed if, for all Banach spaces E,F , the subspace I(E,F ) is closed in L(E,F ).
If I is a closed operator ideal, then, for each pair (E,F ) of Banach spaces, I(E,F ) will be
regarded without notice as a Banach space under the operator norm [12, Example 9.6(1)]. Now,
let X and Y be Banach spaces, and let I be a closed operator ideal. Then I(X,Y ) satisfies the
requirement for M in Lemma 2.5. Therefore, if Y is representable, then so is I(X,Y ). Another
interesting consequence of Lemma 2.5 is the following.
Corollary 2.6. Let K be a compact Hausdorff topological space, let X be a Banach space, and
let Y be a K-representable Banach space. Then the complete injective tensor product X ⊗̂ Y is
K-representable.
Proof. Since X ⊗̂ Y is linearly isometric to the closed linear hull in L(X∗, Y ) of the set of
operators of the form f → f (x)y (with (x, y) ∈ X × Y ), and such a closed linear hull (say M)
satisfies L(Y ) ◦ M ⊆ M , Lemma 2.5 applies. 
Now Proposition 2.7 (respectively, Corollary 2.8) below follows directly from Lemma 2.5
(respectively, Corollary 2.6) and Lemma 2.4.
Proposition 2.7. Let X be a Banach space, let Y be a representable Banach space, and let M be
a closed subspace of L(X,Y ) such that L(Y ) ◦ M ⊆ M . Then M has the Daugavet property.
Corollary 2.8. Let X be a Banach space, and let Y be a representable Banach space. Then
X ⊗̂ Y has the Daugavet property.
3. Applications to spaces of vector-valued functions
For later applications, we note that the requirement in Definition 2.3 (of a K-representable
Banach space X) that, for every x ∈ SX and every ε > 0, the set {k ∈ K: ‖x(k)‖ > 1 − ε} is
infinite, holds in particular if the compact set K is perfect and, for every x ∈ X, the function
k → ‖x(k)‖ from K to R is lower semicontinuous. This fact will be applied without notice in
what follows.
Let K be a compact Hausdorff topological space, let Y be a nonzero Banach space, and let τ
be a (possibly nonlocally convex) vector space topology on Y satisfying:
(1) Every τ -compact subset of Y is norm-bounded.
(2) τ  n, where n means the norm topology on Y .
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is contained in
∏∞
k∈K Xk , with Xk = Y for every k ∈ K , and then, by condition (2), C(K, (Y, τ ))
is closed in
∏∞
k∈K Xk . In this way, C(K, (Y, τ )) becomes a Banach space. On the other hand,
C(K, (Y, τ )) is a C(K)-module in a natural way.
Let Y be a nonzero Banach space. We recall that a subspace Z of Y ∗ is said to be norming
for Y , if it is norm-closed in Y ∗ and, for every y ∈ Y , we have ‖y‖ = sup{|φ(y)|: φ ∈ BZ}.
Now, let Z be a norming subspace of Y ∗ for Y , and let τ be a vector space topology on Y
with σ(Y,Z)  τ  n, where σ(Y,Z) denotes the weak topology on Y relative to its duality
with Z. Let S be a τ -compact subset of Y . Then it is σ(Y,Z)-compact, and hence also σ(Y,Z)-
bounded. This means that the family {y|Z: y ∈ S}, of elements of Z∗, is pointwise bounded. By
the uniform boundedness theorem, such a family is norm-bounded. But, since Z is norming, we
have ‖y|Z‖ = ‖y‖ for every y ∈ S, so that S is norm-bounded. Moreover, applying again that Z
is norming, we clearly see that the norm of Y is σ(Y,Z)- (and hence τ -) lower semicontinuous.
It follows from the above paragraph that, for any compact Hausdorff topological space K , the
Banach space C(K, (Y, τ )) becomes a closed C(K)-submodule of ∏∞k∈K Xk , with Xk = Y for
every k ∈ K , and that, for every x ∈ C(K, (Y, τ )), the function k → ‖x(k)‖ from K to R is lower
semicontinuous. In this way, we have proved the following.
Theorem 3.1. Let K be a perfect compact Hausdorff topological space, let Y be a nonzero
Banach space, let Z be a norming subspace of Y ∗ for Y , and let τ be a vector space topology on
Y with σ(Y,Z) τ  n. Then the Banach space C(K, (Y, τ )) is K-representable.
By combining Theorem 3.1 immediately above with Proposition 2.7 and Corollary 2.8, we
can get a wide list of types of Banach spaces fulfilling the Daugavet property. Among those, we
only emphasize here the simplest one.
Corollary 3.2. Let K be a perfect compact Hausdorff topological space, let Y be a nonzero
Banach space, let Z be a norming subspace of Y ∗ for Y , and let τ be a vector space topology
on Y with σ(Y,Z) τ  n. Then C(K, (Y, τ )) satisfies the Daugavet property.
A particular remarkable case of Corollary 3.2 is the one that Y does not contain 1. In this
case, by [14, Theorem 5.3], there exists a smallest norming subspace of Y ∗ for Y (say Z0).
Then, since σ(Y,Z0) σ(Y,Z) for any other norming subspace Z, the strength of Corollary 3.2
concentrates in the assertion that C(K, (Y, τ )) satisfies the Daugavet property whenever K is
a perfect compact Hausdorff topological space, and τ is a vector space topology on Y with
σ(Y,Z0) τ  n.
Remark 3.3. Corollary 3.2 has previously been known in the cases that τ = n or τ = w
(= σ(Y,Y ∗)), as well as in the one that Y is a dual Banach space and τ = w∗ (= σ(Y,Y∗),
where Y∗ stand for the predual of Y ) [22]. In the case that τ = w, much more is known. Indeed,
even if the compact set K is not assumed to be perfect, C(K, (Y,w)) is a “C(K,Y )-superspace”
[17, Proposition 3.3(b)], and moreover, in the present case that K is perfect, C(K,Y ) is “rich”
in every C(K,Y )-superspace [17, Theorem 3.4]. We recall that C(K,Y )-superspaces are defined
as those sup-normed Banach spaces X of bounded Y -valued functions on K containing C(K,Y )
and such that, for every x ∈ X, every ε > 0, and every nonempty open subset U ⊆ K , there
exists y ∈ Y with ‖y‖ > (1 − ε) sup{‖x(k)‖: k ∈ U}, and a nonempty open subset V ⊆ U with
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said to be rich in E if every closed subspace of E containing F has the Daugavet property.
In the case that Y is a dual Banach space, C(K, (Y,w∗)) need not be a C(K,Y )-superspace,
even if the compact set K is perfect. To realize this, it is enough to take Y equal to any dual
Banach space fulfilling the so-called “diameter 2” property (for instance, Y = L∞([0,1])),
and K equal to (BY ,w∗). In this case, the mapping x : k → k from K to Y is an element of
C(K, (Y,w∗)), so that, if C(K, (Y,w∗)) were a C(K,Y )-superspace, we would be provided with
nonempty relatively w∗-open subsets of BY with arbitrarily small diameter. But this is not possi-
ble because the diameter 2 property is defined by the fact that every nonempty relatively w-open
subset of Y has diameter equal to 2. We recall that the diameter 2 property is implied by the
Daugavet property [20, Lemma 3]. For more examples of Banach spaces fulfilling the diameter 2
property, the reader is referred to [5,6,18].
To conclude the present remark, let us raise the question whether C(K,Y ) is rich in
C(K, (Y,w∗)), for every perfect compact Hausdorff topological space K , and every dual Ba-
nach space Y .
Theorem 3.4 immediately below gives a new information about the relation of C(K,Y )-
superspaces and the K-representability.
Theorem 3.4. Let K be a perfect compact Hausdorff topological space, let Y be a nonzero
Banach space, and let X be a C(K,Y )-superspace which is also a C(K)-module in the natural
way. Then X is K-representable.
Proof. Let x be in SX , and let ε > 0. As a consequence of the definition of C(K,Y )-superspaces,
there exists y ∈ Y with ‖y‖ > 1 − ε2 , and a nonempty open subset V ⊆ K with ‖y − x(k)‖ < ε2
for every k ∈ V . This implies ‖x(k)‖ > 1 − ε for every k ∈ V . Since V is open and nonempty,
and K is perfect, it follows that the set {k ∈ K: ‖x(k)‖ > 1 − ε} is infinite. 
As in the case of Theorem 3.1, we now could combine Theorem 3.4 with Proposition 2.7
and Corollary 2.8 to get a new wide list of types of Banach spaces fulfilling the Daugavet prop-
erty. We will not do this, and will limit ourselves to take from [17] an illustrative example of
a C(K,Y )-superspace which is a C(K)-module in the natural way, and to state for it the cor-
responding corollary. We also point out that closed subspaces of a C(K,Y )-superspace which
contain C(K,Y ) are C(K,Y )-superspaces, and that, up to such a hereditary property, most known
C(K,Y )-superspaces are also C(K)-modules in the natural way.
Corollary 3.5. Let E stand for the Banach space of all scalar-valued bounded functions on [0,1]
which are right-continuous and have left limits everywhere and are continuous at 1. Then, for
every Banach space X, the spaces L(X,E) and X ⊗̂ E have the Daugavet property.
Proof. By [17, Proposition 3.3(a)], E is a C([0,1])-superspace, and, clearly, it is also a C([0,1])-
module in the natural way. Now apply Theorem 3.4, Proposition 2.7, and Corollary 2.8. 
Let E be the Banach space in Corollary 3.5, and let x stand for the characteristic function of
[ 12 ,1] on [0,1]. Then x belongs to E, and the mapping k → ‖x(k)‖ from [0,1] to R is not lower
semicontinuous.
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Let X be a Banach space over K. By a multiplier on X we mean a bounded linear operator
T on X such that every extreme point of BX∗ becomes an eigenvector for T ∗. Thus, given a
multiplier T on X, and an extreme point p of BX∗ , there exists a unique number aT (p) satisfying
p◦T = aT (p)p. The centralizer of X (denoted by Z(X)) is defined as the set of those multipliers
T on X such that there exists a multiplier S on X satisfying aS(p) = aT (p) for every extreme
point p of BX∗ . Thus, if K = R, then Z(X) coincides with the set of all multipliers on X.
Anyway, Z(X) is a closed subalgebra of L(X) isometrically algebra-isomorphic to C(KX), for
some (essentially unique) compact Hausdorff topological space KX [7, Proposition 3.10]. On the
other hand, there exists an (essentially unique) compact Hausdorff topological space ΩX such
that C(ΩX) is isometrically isomorphic to the so-called Cunningham algebra of X, namely the
closed subalgebra C(X) of L(X) generated by all L-projections on X [7, p. 29]. Moreover, ΩX
is hyperstonean [7, p. 125] and homeomorphic to KX∗ [7, Theorems 5.7 and 5.9].
Lemma 4.1. Let X be a Banach space. Then ΩX is perfect if and only if X has no mini-
mal L-summand. In the case that X is dual, KX is perfect if and only if X has no minimal
M-summand.
Proof. The first conclusion follows from the facts that minimal clopen subsets of ΩX are the
isolated points (since ΩX is Stonean), that idempotents in C(ΩX) are the characteristic functions
of clopen subsets of ΩX , and that idempotents in C(ΩX) are the L-projection on X [7, Corol-
lary 1.17]. The second conclusion follows by applying the first one to the predual of X (say X∗),
and then by keeping in mind that M → M◦ (the polar of M in X∗) becomes a bijection from
the set of all L-summands of X∗ onto the set of all M-summands of X [7, Theorem 5.7(i)], and
that the set of all M-summands of a given Banach space is a Boolean algebra in a natural way
[7, Lemma 1.9]. 
In relation to Lemma 4.1 above, we note that, if a Banach space X has no L-summand (re-
spectively, M-summand) other than 0 and X, then X is a minimal L-summand (respectively,
M-summand) of X. Therefore, the assumption that X has no minimal L-summand (respectively,
M-summand) entails that X is rich in L-summands (respectively, M-summands).
Following [7], by a function module we mean (the third coordinate of) a triple
(K, (Xk)k∈K,X), where K is a nonempty compact Hausdorff topological space (called the base
space), (Xk)k∈K a family of Banach spaces (called the component spaces), and X a closed
C(K)-submodule of the C(K)-module ∏∞k∈K Xk such that the following conditions are satisfied:
(1) For every x ∈ X, the function k → ‖x(k)‖ from K to R is upper semicontinuous.
(2) For every k ∈ K , we have Xk = {x(k): x ∈ X}.
(3) The set {k ∈ K: Xk = 0} is dense in K .
Remark 4.2. In relation to Definition 2.3, it is worth mentioning that, if K is a Hausdorff
topological space such that there exists a family (Xk)k∈K of Banach spaces, together with
a nonzero closed C(K)-submodule X of ∏∞k∈K Xk fulfilling axioms (2) and (3) in the def-
inition of a function module, and satisfying that, for every x ∈ SX and every ε > 0, the set
{k ∈ K: ‖x(k)‖ > 1 − ε} contains at least two points, then K is perfect.
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a function module whose base space is precisely KX , and such that the elements of Z(X) are
precisely the operators of multiplication by the elements of C(KX) [7, Theorems 4.14 and 4.16].
Such a regarding of X is called its maximal function module representation. In the particular
case that X is a dual Banach space, it is also known that, if X is regarded as a function module
by means of its maximal function module representation, then, for every x ∈ X, the mapping
k → ‖x(k)‖ from KX to R is continuous [7, Theorem 5.13]. Therefore, by invoking Lemma 4.1,
we obtain the following.
Theorem 4.3. Let X be a dual Banach space without minimal M-summands. Then X is repre-
sentable.
Therefore, by Corollary 2.8, X ⊗̂ Y has the Daugavet property whenever X is any Banach
space, and Y is a dual Banach space without minimal M-summands. Actually, applying Propo-
sition 2.7 we obtain the following.
Corollary 4.4. Let X be a Banach space, let Y be a dual Banach space without minimal
M-summands, and let M be a closed subspace of L(X,Y ) such that L(Y ) ◦ M ⊆ M . Then
M has the Daugavet property.
As a consequence, we have the following.
Corollary 4.5. Let X be a Banach space without minimal L-summands, and let Y be a dual
Banach space. Then L(X,Y ) has the Daugavet property.
Proof. Let Y∗ be a predual of Y . Since L(X,Y ) is linearly isometric to L(Y∗,X∗), and X∗ has
no minimal M-summands (by Lemma 4.1 and the fact that KX∗ is homeomorphic to ΩX), the
result follows by applying Corollary 4.4, with (Y∗,X∗) instead of (X,Y ). 
The following corollary is a direct consequence of Corollaries 4.4 and 4.5, and the so-called
L–M-theorem [7, Theorem 1.13].
Corollary 4.6. Let X be a dual Banach space such that L(X) fails to the Daugavet property.
Then we have one of the following possibilities:
(1) X = (R2,‖ · ‖∞).
(2) X has minimal M-summands, and has no L-summand other than 0 and X.
(3) X has minimal L-summands, and has no M-summand other than 0 and X.
Note that, in case (2) (respectively, (3)) of the above corollary, X is a minimal L-summand
(respectively, M-summand) of X, so that, in all cases of the corollary, X has both minimal
L-summands and minimal M-summands.
Corollary 4.7. Let X and Y be Banach spaces, and assume that X has no minimal L-summand.
Then X ⊗̂π Y has the Daugavet property.
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Corollary 4.5 applies to give that (X ⊗̂π Y )∗ has the Daugavet property. Finally, keep in mind
that the Daugavet property passes from dual Banach spaces to their preduals. 
Let X denote the Banach space of all complex-valued L∞-functions on [0,1]. Then X has
no minimal M-summand, and nevertheless, according to [17, Corollary 4.3], there exists a two-
dimensional Banach space Y such that X ⊗̂π Y fails to the Daugavet property.
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